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9 THETA LIFTING FOR SOME COHOMOLOGICALY INDUCED
REPRESENTATIONS
by
Mathieu Cossutta
Abstrat.  In his paper [14℄, Jian-Shu Li proved that a ertain kind of ohomologial
representations of U(a, b) is automorphi. In this paper, this result is generalized to a more
general lass of ohomologial representations of this group. It omes from the fat that
these ohomologial representations are the image by the theta orrespondane of some
representations obtained by ohomologial indution. In proving this theorem, we also prove
some ases of Adams onjeture [1℄.
0. Introdution
Let a, b ∈ Z≥0 and n = a+ b. Let G = U(a, b) viewed as the group of matries:{
M ∈M(n,C)| tMIa,bM = Ia,b
}
where:
Ia,b =
(
Ia 0
0 −Ib
)
.
We have a diagonal embedding of K = U(a)× U(b) in G. K is a maximal subgroup of G
and the quotient
Xa,b = G/K,
is the symmetri spae assoiated to G. In the paper [14℄, Jian-Shu Li proves the most
general known results about the onstrution of non trivial ohomology lasses for mani-
folds
S(Γ) = Γ\Xa,b
where Γ is a disrete oompat subgroup of G ating freely on Xa,b. For example, he
proves the following theorem.
Theorem 0.1.  [14℄ Let m, s, k, l, t ∈ Z≥0 suh that
k + l ≤ a, s+m ≤ b,m+ s+ k + l < 2(a+ b) and t ≤ mk + sl
then there exists a disrete oompat subgroup Γ of U(a, b) suh that
HR
+,R−(S(Γ),C) 6= 0,
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where R+ = k(q − s) + ps− t and R− = t+ (q − s)l + (p− k − l)m.
We give a generalization of this theorem (see theorem 4.8). Before stating our result,
we reall the proof of this theorem. Let (q = u⊕ l, L) be a paraboli theta stable algebra
(see denition 2.2) and λ be the dierential of a unitary harater of L. Let
R(q) = dim u ∩ p.
Aording to Knapp and Vogan [11℄, one an then dene by ohomologial indution a
representation Aq(λ). Under the ondition that
(λ, τ) ≥ 0 ∀τ ∈ u,(1)
the representation Aq(λ) is non zero unitary and irreduible. Let Γ be a oompat disrete
subgroup of G ating freely on X, then by Matsushima's formula
H∗(Γ\X) = ⊕qm(Aq(0),Γ) homK(
∗∧
p, Aq(0)).(2)
A more preise version of theorem 0.1 is:
Theorem 0.2.  [14℄ Let (q, L) be a paraboli theta stable algebra of U(a, b) suh that
L = U(x, y) × a ompat group,
and suppose that 2(x+y) > a+ b then there exists a disrete oompat subgroup of U(a, b)
suh that:
m(Aq,Γ) 6= 0.
The proof is based on the use of loal and global theta orrespondane. In fat Jian-Shu
Li proved the following arhimedean result on theta orrespondane.
Theorem 0.3.  [16℄ Let (q, L) be a paraboli theta stable algebra of U(a, b) suh that
L = U(x, y) × a ompat group,
and λ be the dierential of a unitary harater of L verifying (1). Suppose that (x+ y) ≥
a+ b then there exists a′, b′ with a′+ b′ = a+ b− (x+y) and a disrete series πd of U(a
′, b′)
suh that:
θ(πd) = Aq(λ).
It is now lassial to dedue theorem 0.2 from theorem 0.3 by using global theta orre-
spondane and De George and Wallah result [8℄ on multipliities of disrete series. So to
generalize theorem 0.2, we have to prove that more general representations of type Aq(λ)
are in the image of the theta orrespondane. In that purpose, one has to nd a andidate
for the equation
θ(π) = Aq(λ).(3)
To solve this equation are introdued Arthur parameter and Arthur paket for ohomo-
logially indued representation and the Adams onjetures are stated. This is done in
setions 1,2 and 3. This allows to desribe in a natural way a andidate π for equation (3).
Our main theorem is then the following:
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Theorem 0.4.  Let (q, L) be a standard paraboli theta stable algebra with
L =
r∏
i=1
U(ai, bi)
and λ be the dierential of a unitary harater of L verifying (1). Let r0 ∈ {1, . . . , r} suh
that
ar0 + br0 = max
i
(ai + bi).
Let: {
a′ =
∑
i<r0
ai +
∑
i>r0
bi and
b′ =
∑
i>r0
ai +
∑
i<r0
bi
.
We suppose that ∑
i 6=r0
ai + bi ≤ min(a, b),
then Aq(λ) is a theta lift from U(a
′, b′) of a representation Aq′(λ
′) ohomologially indued
from a paraboli theta stable algebra (q′, L′) verifying:
L′ =
r0−1∏
i=1
U(ai, bi)×
r∏
r0+1
U(bi, ai).
Sine a representation Aq(λ) is a disrete serie if and only if L is ompat, this theorem
implies that some ohomologial representations are obtained from a disrete series by a
ertain number of theta lifts. It an then be globalized to prove that some new Aq(λ)
verify m(Aq,Γ) 6= 0. We introdue the notion of a onvergent paraboli theta stable
algebra (denition 4.7).
Theorem 0.5.  Let q be a onvergent paraboli theta stable algebra of G. There exists
a disrete oompat subgroup Γ ating freely on Xa,b suh that:
m(Aq(0),Γ) 6= 0.
The artile goes as follows. Some fats about Arthur parameter are realled in the rst
part and some about Aq(λ) in the seond one. The proof of our main arhimedean results
(theorem 3.7) is developped in the third part, using the fats realled in the two previous
one. In the last part, some global appliations are given.
1. Arthur pakets
Arthur parameters are representations of Weil groups in L-groups. Some useful deni-
tions are realled in the ase of unitary groups.
Denition 1.1.  The Weil group of C (resp. R) is dened by:
• WC = C
∗
,
• WR = C
∗ ∪ jC∗, with j2 = −1 and jcj−1 = c.
There is a anonial inlusion of WC in WR sitting in an exat sequene:
(4) 1→WC →WR → {±1} → 1.
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Denition 1.2.  The L-group of U(a, b) is the semi-diret produt:
GL(n,C)⋊WR,
with z ∈ C× ating trivially on GL(n,C) and j ating by:
x→ Φn
tx−1Φ−1n ,
where Φn is the matrix dened by
(Φn)i,j = δj,n+1−j(−1)
n−i.
Denition 1.3.  An Arthur parameter is a homomorphism:
ψ :WR × SL(2,C)→
LG,
satisfying:
1. the diagram
WR × SL(2,C)
ψ
//
&&M
MM
MM
MM
MM
MM
LG
}}zz
zz
zz
zz
WR
is ommutative,
2. the restrition of ψ to SL(2,C) is algebrai and
3. the image of the restrition of ψ to WR is quasi-ompat.
Let ψ be an Arthur parameter. In this paper, we are interested by the restrition of ψ
to:
WC × SL(2,C).
Let µ be the harater of C∗ given by:
µ(z) =
z
z
and σk be the unique representation of dimension k of SL(2,C). Cases where
ψ|WC×SL(2,C) = ⊕jµ
kj ⊗ σnj
with kj half integral, will be studied.
One hopes to assoiate to every Arthur parameter, a paket Π(ψ) of irreduible uni-
tarisable (g,K)-modules with properties imposed by the trae formula (see [3℄). These
sets should not form a partition of the unitary dual of G, but their elements should appear
in spae L2(Γ\G) for some disrete arithmeti Γ. The most simple example is the following.
Example 1.4.  If:
ψ|C××SL(2,C) = µ(z)
k ⊗ σn,
then:
Π(ψ) =
{
(det •)k
}
.(5)
Bergeron and Clozel have onjetured in [5℄ that the elements of Π(ψ) have the same
innitesimal harater and that we an determine it simply from ψ. We state the preise
onjeture.
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Remark 1.5.  The subsript 0 is used for real Lie algebras and no subsript for omplex
one. The Lie algebra g0 of G is:{
M ∈M(n,C)| tMIa,b + Ia,bM = 0
}
.
The Lie algebra k0 of K is:
k0 =
{(
A 0
0 B
)
| tA+A = tB +B = 0
}
.
A ompat Cartan algebra of both k0 and g0 is:
t0 =


x1
.
.
.
xa
y1
.
.
.
yb

| xi, yj ∈ ıR

.
So by the Harish-Chandra isomorphism, the innitesimal harater of an irreduible
(g,K)-module an be seen as an element of Ca+b (up to permutation).
Denition 1.6.  Let ψ be an Arthur parameter. If:
ψ|WC×SL(2,C) = ⊕jµ
kj ⊗ σnj ,
the element (
kj +
nj + 1− 2t
2
)
t = 1, . . . , nj
of Ca+b is alled the innitesimal harater of ψ.
Conjeture 1.7 (Bergeron and Clozel [5℄).  Let ψ be an Arthur parameter then ev-
ery elements of Π(ψ) has the innitesimal harater of ψ.
2. Representation Aq(λ)
Let p0 be the orthogonal omplement for the Killing form of k0 in g0. So
p =
{(
0 A
B 0
)
| A, tB ∈Ma,b(C)
}
.
Let ∆(g, t) be the set of roots of t in g. One has that:
∆(g, t) = ∆(k, t) ∪∆(p, t),
∆(k, t) = {xi − xj| i 6= j} ∪ {yi − yj| i 6= j} and
∆(p, t) = {xi − yj|i, j} .
(6)
We let gτ be the eigenspae assoiated to a root τ .
Remark 2.1.  Sine K is ompat, for all H ∈ ıt0 and τ ∈ ∆(g, t), one has:
τ(H) ∈ R.
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2.1. Paraboli theta stable algebra.  Let H ∈ ıt0. One denes:
q(H) = ⊕τ∈∆(g,t)
τ(H)≥0
gτ ,(7)
l(H) = ⊕τ∈∆(g,t)
τ(H)=0
gτ and(8)
u(H) = ⊕τ∈∆(g,t)
τ(H)>0
gτ .(9)
Then q(H) is a paraboli subalgebra of g and q(H) = l(H)⊕u(H) is a Levi deomposition.
Sine l(H) is dened over R, there exists a well dened subgroup L(H) of G of omplexied
Lie algebra l(H).
Denition 2.2.  A pair (q(H), L(H)) dened by an element H ∈ ıt0 is alled a theta
stable paraboli algebra.
Let (q, L) be a paraboli theta stable algebra of g. Let u be the radial unipotent of g.
One denes:
R(q) = dim p ∩ u.(10)
the ohomologial degree of q. By [18℄,
∧R(q) (p ∩ u) is the highest weight vetor in∧R(q) p.
Let V (q) be the irreduible K-submodule of
∧R(q)
p generated by this vetor. These
modules play an important role in the study of the ohomology of loally symmetri spaes.
We are going to explain their lassiation up to isomorphism (this is done for example
by Bergeron in [4℄). Clearly, if two theta stable paraboli algebras are K-onjugated they
generate the same module. So up to K-onjugation, it an be assumed that q is dened
by an element:
H = (x1, . . . , xa)⊗ (y1, . . . , yb) ∈ R
a × Rb
with:
x1 ≥ · · · ≥ xa and y1 ≥ · · · ≥ yb.
Suh an element will be alled dominant.
Denition 2.3.  A paraboli theta stable algebra dened by a dominant element is
alled standard.
We are going to assoiate to H two partitions. Reall that a partition is a dereasing
sequene α of natural integers α1, . . . , αl ≥ 0. The Young diagram of α, simply written α,
is obtained by adding from top to bottom rows of αi squares all of the same shape. For
example the Young diagram assoiated to the partition (3, 2, 1) is:
.
Let α and β be partitions suh that the diagram of α is inluded in the diagram of β,
written α ⊂ β. We will also write β\α for the omplementary of the diagram of α in the
diagram of β. It is a skew diagram. The notations a× b or ba stand for the partition
(b, . . . , b︸ ︷︷ ︸
a times
).
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For a diagram α, the diagram α˜ is dened as the diagram ounting the length of olumns.
For example:
˜(3, 2, 1) = (3, 2, 1).
For an inlusion of diagram α ⊂ a × b, the diagram α̂ is dened as [(a × b)\α] rotated
by an angle of π, it is a partition. For example, the inlusion (3, 2, 1) ⊂ 3 × 3 gives
̂(3, 2, 1) = (2, 1). We remark that for α ⊂ a× b:̂˜α = ˜̂α.
Let H ∈ ıt∗0 be dominant. One assoiates to H two partitions α ⊂ β ⊂ a× b dened by:
α(i) = |{j|xi > yb+1−j}| and
β(i) = |{j|xi ≥ yb+1−j}|.
Denition 2.4.  If t ats on a vetor spae V , one writes ρ(V ) for half the sum of
weights of t on V . It is an element of t∗ that an be seen as an element of Ca × Cb.
Let q be a paraboli theta stable algebra and (α, β) be the assoiated partitions. By
denition of (α, β), one has:
∆(u ∩ p) = {xi − yb+1−j| (i, j) ∈ α} ∪ {−(xi − yb+1−j)| (i, j) /∈ β}.(11)
Using this equality, it is a simple alulation to see that the highest weight of V (q) is:
2ρ(u ∩ p) = (αi + βi − b)1≤i≤a ⊗ (a− (α˜b+1−j + β˜b+1−j))1≤j≤b.(12)
So V (q) ≃ V (q′) if q and q′ have the same assoiated partitions. Indeed:
Proposition 2.5.  The following three points give the lassiation of modules V (q):
• let q be a paraboli theta stable algebra and α ⊂ β be the assoiated partitions, then
(β\α) is a union of squares whih interset only on verties.
• we have V (q) ≃ V (q′) if and only if (q, L) and (q′, L′) have the same assoiated
partitions.
• If α ⊂ β ⊂ a× b is a pair of partitions verifying the ondition of the rst point there
exists a paraboli theta stable algebra q with assoiated partition (α, β). Suh a pair
will be alled ompatible.
2.2. Representations.  Let H ∈ ıt0 and (q, L) be the assoiated theta stable
paraboli algebra. Choosing a positive set of roots ∆+(l) in ∆(l) one an dene:
ρq = ρ(u) + ρ
+(l),
where ρ+(l) is half the sum of the roots in ∆+(l).
Theorem 2.6.  Let λ be the dierential of a unitary harater of L viewed as an element
of t∗ suh that:
(13) (λ, τ) ≥ 0 ∀τ ∈ ∆(u),
then:
• there exists a unique irreduible and unitarisable (g,K)-module, whih will be denoted
Aq(λ), verifying the two following properties :
• the innitesimal harater of Aq(λ) is λ+ ρq and
• the K-type λ+ 2ρ(u ∩ p) appears in Aq(λ).
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• Furthermore, every K-type of Aq(λ) is of the form:
(14) λ+ 2ρ(u ∩ p) +
∑
β∈∆(u∩p)
nττ
with nτ ≥ 0.
The onstrution of Aq(λ) is done using ohomologial indution (see [11℄). The ondi-
tion (13) an be relaxed for the onstrution of Aq(λ) but it is neessary to have at the same
time irreduibility, unitarity and uniity. The ase where λ = 0 is linked to ohomology of
loally symmetri spaes, see equation (36).
Remark 2.7.  The representation Aq(λ) is a disrete series if and only if L is ompat.
In the next paragraph, pakets for ohomologially indued representation following
Arthur [3℄ and Adams and Johnson [2℄ are dened.
2.3. Pakets for ohomologial representations.  Let
H = (x1, . . . , xa)⊗ (y1, . . . , yb)
be dominant. Let (q, L) be the assoiated paraboli theta stable algebra. Let λ be the
dierential of a harater of L verifying (13). If w ∈ W (g, t) (the Weyl group of t in g)
then w • q is a paraboli theta stable algebra and if λ veries (13) then w • λ verify (13)
for w • u. Adams and Johnson in [2℄ suggest that the following paket:
(15) Πλ,q = {Aw•q(w • λ)| w ∈W (g, t)}
is an Arthur paket. Following Arthur ([3℄), we explain the onstrution of the Arthur
parameter that should be assoiated to this paket.
Denition 2.8.  A L-homomorphism ψ between LL and LG is a morphism of groups
between
LL and LG suh that the following diagram ommutes:
LL
ψ
//
""D
DD
DD
DD
D
LG
||zz
zz
zz
zz
WR
.
We want to built suh a morphism. Let z1, . . . , zr be the dierent values of the (xi) and
the (yj). Let (ai)1≤i≤r and (bi)1≤i≤r be the integers verifying:
(x1, . . . , xa) =
(z1, . . . , z1︸ ︷︷ ︸
a1 times
), . . . , (zr, . . . , zr︸ ︷︷ ︸
ar times
)

and
(y1, . . . , yb) =
z1, . . . , z1︸ ︷︷ ︸
b1
, . . . , zr, . . . , zr︸ ︷︷ ︸
br
 .
(16)
Then we an see that:
L =
r∏
i=1
U(ai, bi).
Let ni = ai + bi and (ki)1≤i≤r ∈ Z≥0. We dene:
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ψq(g1, . . . , gr) =
 g1 . .
.
gr
 ,
ψq(z) =
 µ(z)
k1
2 In1
.
.
.
µ(z)
kr
2 Inr
 and
ψq(j) =
 Φn1 . .
.
Φnr
Φ−1n .
(17)
One an hek that ψq extends itself to an L-homomorphism:
LL =L (U(n1)× · · · × U(nr))
ψq
→ LU(n) = LG,
if and only if:
(18) ki ≡ n− ni [2].
Let
mi = −n1 − · · · − ni−1 + ni+1 + · · ·+ nr
then learly the (mi) satisfy the relation (18) and ψq is dened by the formulas (17) with
ki = mi.
Denition 2.9.  Let
ψλ :WR × SL(2,C)→
LL,
be the Arthur parameter assoiated to the harater λ (see example 1.4). We set:
ψλ,q = ψq ◦ ψλ.
It should be the parameter assoiated to Πλ,q.
Reall that the innitesimal harater of a parameter ψ has been dened (denition
1.6).
Lemma 2.10.  Every element of Πλ,q has the innitesimal harater of ψλ,q.
Proof.  As λ is the dierential of a harater of L:
λ =
λ1, . . . , λ1︸ ︷︷ ︸
a1
, . . . , λr, . . . , λr︸ ︷︷ ︸
ar
⊗
λ1, . . . , λ1︸ ︷︷ ︸
b1
, . . . , λr, . . . , λr︸ ︷︷ ︸
br

with λi ∈ Z. The ondition (13) an be written as:
λi − λi+1 ≥ 0.
Sine
ψλ|WC×SL(2,C) = ⊕
r
i=1µ
λi ⊗ σni ,
it omes that:
(19) ψλ,q|WC×SL(2,C) = ⊕
r
i=1µ
λi+
mi
2 ⊗ σni .
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Using denition 1.6, we nd λ+ ρq.
3. Arhimedean theta orrespondane and Adams onjeture
3.1. Denition.  Let V ′ (resp. V ) be a C-vetor spae with a non degenerate hermi-
tian (resp. skew hermitian) form (, )′ (resp. (, )). Let W = V ′ ⊗C V . With the form
B(, ) = ℜ
(
(, )′ ⊗ (, )ι
)
,
the F -vetor spae W beomes a non degenerate sympleti spae. Let:
G′ = U(V ′) and G = U(V ).
The pair of group:
G′ ×G ⊂ Sp(W )
is a dual pair in the sense of Howe [10℄. Let K be a maximal ompat subgroup of Sp(W )
suh that G ∩ K and G′ ∩ K are maximal ompat subgroups of G respetively G′. Let
Mp(W ) be the metapleti overing of Sp(W ), it is an extension :
1→ S1 → Mp(W )→ Sp(W )→ 1.
The metapleti representation (ω,S) is a unitary representation of the metapleti group
(see [10℄ for a denition). Let n′ (resp. n) be the dimension of V ′ (resp. V ). Let us hoose
a pair of unitary haraters χ = (χ1, χ2) of C
×
. Let α(χ1) and α(χ2) be the integers suh
that:
χi(u) = u
α(χi) ∀u ∈ S1,
these integers determine χ. Let ǫ be the sign harater of R×. We assume that:
χ1|R× = ǫ
n
and χ2|R× = ǫ
n′ .
Aording to Kudla [12℄ this hoie of haraters determines a splitting:
ιχ : G
′ ×G→ Mp(W ),
and by restrition of the metapleti representation of Mp(W ) a representation (ωχ,S) of
G′ ×G. Let K˜ be the inverse image of K in the metapleti group and S be the K˜- nite
vetors of S. We will write Sχ for the representation of (g× g
′,K ′×K) on S given by the
hoie of splitting ιχ. The arhimedean theta orrespondane is dened using the following
theorem of Howe [10℄.
Theorem 3.1.  Let π′ be an irreduible (g′,K ′)-module. There exists at most one irre-
duible (g,K)-module suh that:
homg′×g,K ′×K(Sχ, π
′ ⊗ π) 6= 0,
if suh a π exists, we will denote it θχ(π
′) and otherwise we will set θχ(π) = 0.
The (g,K)-module θχ(π) is alled the theta lift of π
′
. To ompute the theta lift of
a representation π′, one has rst to prove that theta lifts are non zero. We reall two
theorems of Jian-Shu Li.
Denition 3.2.  The dual pair (G′, G) is said to be in the stable range if V has an
isotropi subspae of dimension n′.
Theorem 3.3.  [15, 16℄ Suppose that:
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• dimV ′ ≤ dimV (resp. (G′, G) is in the stable range) and
• π′ is a disrete series (resp. unitarisable).
Then θ(π′, V ) is non zero and unitarisable.
3.2. Arthur pakets and theta orrespondane.  We onsider the dual pair
(G′, G) with:
G′ = U(a′, b′) and G = U(a, b).
Let n′ = a′ + b′ and n = a+ b. We suppose that n′ ≤ n. Let ψ′ be an Arthur parameter
for G′. We assoiate to ψ′ an Arthur parameter θχ(ψ) for the group G dened by:
θχ(ψ
′)|C××SL(2,C) = µ
α(χ2)−α(χ1)
2 ⊗ ψ|C××SL(2,C) ⊕ µ
α(χ2)
2 ⊗ σn−n′(20)
and
(21) θχ(ψ
′)(j) =
(
ψ′(j)Φn′ 0
0 Φn−n′
)
Φ−1n × j.
By [9℄ or [1℄ it is a well dened Arthur parameter.
Adams made the following two onjetures about elements of ΠG(θχ(ψ
′)).
Conjeture 3.4.  If π′ ∈ ΠU(a
′,b′)(ψ′) then θχ(π
′) ∈ ΠU(a,b)(θχ(ψ
′)).
Conjeture 3.5.  In the stable range (i.e a′ + b′ ≤ min(a, b)) we have:
ΠU(a,b)(θχ(ψ
′)) = ∪a′+b′=n′θχ(Π
U(a′,b′)(ψ′)).
We use the notations of paragraph 2.3. Therefore the notationsH, q, L, λ, xi, yi, λi, r, zi, ai, bi
are well dened. We want to know when the parameter ψq,λ an be of the form θχ(ψ
′)
for some χ, a′, b′, ψ′. Aording to equation (19) and (20) there must exist r0 ∈ {1, . . . , r}
suh that:
(22) nr0 = a+ b− (a
′ + b′).
We hoose r0, then:
(23) ψλ,q|C××SL(2,C) =
µλr0+
mr0−α(χ2)
2 ⊗
(
µ
α(χ2)
2 ⊗ σnr0 ⊕ µ
α(χ2)−α(χ1)
2
(
⊕i 6=r0µ
λi−λr0+
mi−mr0+α(χ1)
2 ⊗ σni
))
.
Dene:
a′ = a1 + · · · + ar0−1 + br0+1 + · · · + br,
and:
b′ = b1 + · · ·+ br0−1 + ar0+1 + · · ·+ ar.
This hoie of a′, b′ satises (22). We dene an element
H ′ = (x′1, . . . , x
′
a′)⊗ (y
′
1, . . . , y
′
b′)
of the Cartan algebra of u(a′, b′) by the equalities:
(x′1, . . . , x
′
a′) =
z1, . . . , z1︸ ︷︷ ︸
a1 times
, . . . , zr0−1, . . . , zr0−1︸ ︷︷ ︸
ar0−1 times
, zr0+1, . . . , zr0+1︸ ︷︷ ︸
br0+1 times
, . . . , zr, . . . , zr︸ ︷︷ ︸
br times

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and
(y′1, . . . , y
′
b′) =
z1, . . . , z1︸ ︷︷ ︸
b1 times
, . . . , zr0−1, . . . , zr0−1︸ ︷︷ ︸
br0−1 times
, zr0+1, . . . , zr0+1︸ ︷︷ ︸
ar0+1 times
, . . . , zr, . . . , zr︸ ︷︷ ︸
ar times
 .
Denition 3.6.  Let q (resp. q′) be the theta paraboli algebra of g (resp. g′) obtained
from H (resp. H ′). We will write this relation q = θ(q′).
The objets assoiated to H ′ aording to the denitions of paragraph 2.3 are designated
by the same notation plus a prime. We have that:
r′ = r − 1,
L′ =
r0−1∏
i=1
U(ai, bi)×
r∏
i=r0+1
U(bi, ai),
n′j = nj (j 6= r0),
mj −m
′
j = nr0 if j < r0 and
mj −m
′
j = −nr0 if j > r0.
(24)
So:
ψ|WC×SL(2,C) =µ
λr0+
mr0−α(χ2)
2 ⊗
(
µ
α(χ2)
2 σnr0 ⊕ µ
α(χ2)−α(χ1)
2(
⊕i<r0µ
λi−λr0+
m′i+nr0−mr0+α(χ1)
2 ⊗ σni ⊕i>r0 µ
λi−λr0+
m′i−nr0−mr0+α(χ1)
2 ⊗ σni
))
.
Adams onjeture suggests therefore to dene:
λ′i =
{
λi − λr0 +
nr0−mr0+α(χ1)
2 if i < r0
λi − λr0 +
−nr0−mr0+α(χ1)
2 if i > r0.
The (λ′i) satisfy the onditions (13) and are in Z. So the (g
′,K ′)-module Aq′(λ
′) is well
dened irreduible and unitarisable. We state our main theorem and some orollaries.
Theorem 3.7.  We have that:
• θχ(ψq′,λ′) = ψ
q,λ−(λr0+
mr0−α(χ2)
2
)
.
• If θχ(Aq′(λ
′)) is non zero and unitary then:
(det •)λr0+
mr0−α(χ2)
2 ⊗ θχ(Aq′(λ
′)) = Aq(λ).
Corollary 3.8.  We have that:
• if L′ is ompat then
(det •)λr0+
mr0−α(χ2)
2 ⊗ θχ(Aq′(λ
′)) = Aq(λ),
• if a′ + b′ ≤ min(a, b) (in the stable range): (det •)λr0+
mr0−α(χ2)
2 ⊗ θχ(Aq′(λ
′)) = Aq(λ) and
ΠU(a,b)(ψ
q,λ−(λr0+
mr0−α(χ2)
2
)
) = ∪a′+b′=n−n′θχ(Π
U(a′,b′)(ψq′,λ′))
.
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Proof.  We dedue the orollary from the theorem. The rst two equalities are onse-
quenes of the seond point of theorem 3.7 and of theorem 3.3. The last equality is an easy
onsequene of the seond point of the orollary and of the expliit desription of pakets
Πλ,q given by equation (15).
Beginning of the proof of theorem 3.7.  Aording to the disussion just before the the-
orem, we have hoosen r0 and integers (λ
′
i) to have:
θχ(ψq′,λ′)|WC×SL(2,C) = ψq,λ−(λr0+
mr0−α(χ2)
2
)|WC×SL(2,C)
,
the extension of the equality to WR is just a veriation using the formulas for the ation
of j (equations (17) and (21)).
We explain the sheme of the proof of the seond point, our main result. Sine we
assume that λ veries (13) and that the theta lift is non zero and unitary by theorem 2.6,
it is enough to prove that the (g,K)-module
(det •)λr0+
mr0−α(χ2)
2 ⊗ θχ(Aq′(λ
′))
• has innitesimal harater λ+ ρq and
• ontains the K-type of highest weight λ+ 2ρ(u ∩ p).
We prove these two points in the next setion (orollary 3.12 and orollary 3.14).
An other reformulation of the orollary is:
Corollary 3.9.  Let (q, L) a standard paraboli theta stable algebra with:
L =
r∏
i=1
U(ai, bi)
and (λi) ∈ Z
a+b
suh that λi ≥ λi+1. If:
max(ai + bi) ≥ max(a, b)
then up to a harater Aq(λ) is a theta lift from a representation A
′
q(λ
′) suh that λ′ veries
the ondition (13) and
L′ =
r0−1∏
i=1
U(ai, bi)×
r∏
i=r0+1
U(bi, ai).
3.3. Proof of theorem 3.7. 
3.4. Types.  We identify K ′-representations with their highest weights. These are
exatly the dominant elements of Za
′
× Zb
′
. We write a weight µ′ in the following way
µ′ =
α(χ1)
2
+
{
(x′1, . . . , x
′
a)⊗ (y
′
1, . . . , y
′
b)
}
with the (x′i) and (y
′
i) in
a+b
2 + Z. We dene for µ
′
:
deg(µ′) =
∑
i
|xi −
a− b
2
|+
∑
i
|yi −
b− a
2
|.
14 MATHIEU COSSUTTA
The following theorem desribes parts of the relationship between theta orrespondane
and types.
Theorem 3.10 (Howe).  Let π′ be an irreduible (g′,K ′)-module suh that π = θχ(π
′)
is non zero. Let µ′ be a K ′-type of π′ of minimal degree. Then if we write:
µ′ =
α(χ1)
2
+{
a− b
2
+ (a1, . . . , at, 0, . . . , 0,−b1, . . . ,−bu)⊗
b− a
2
+ (c1, . . . , cv , 0, . . . , 0,−d1, . . . ,−dw)
}
(25)
with ai, bi, ci, di > 0 then:
• t+ w ≤ a and v + u ≤ b.
•
θ(µ′) =
α(χ2)
2
+{
a′ − b′
2
+ (a1, . . . , at, 0, . . . , 0,−d1, . . . ,−dw)⊗
b′ − a′
2
+ (c1, . . . , cv , 0, . . . , 0,−b1, . . . ,−bu)
}
(26)
is a K-type of π.
Reall that in paragraph 2.1, we have assoiated to H a pair of Young diagrams. Let
m = b1 + · · ·+ br0−1 s = br0+1 + · · ·+ br(27)
k = a1 + · · ·+ ar0−1 l = ar0+1 + · · ·+ ar.(28)
Then beause of equation (16), the pair of diagrams (α, β) assoiated toH has the following
shape:
• In the upper box with a question mark the pair of partitions (α, β) is equal to
α1 ⊂ β1 ⊂ k ×m and
• In the lower box with a question mark the pair of partitions (α, β) is equal to α2 ⊂
β2 ⊂ l × s.
THETA LIFTING FOR SOME COHOMOLOGICALY INDUCED REPRESENTATIONS 15
The two pairs of partitions (αi, βi) i = 1, 2 are ompatible pairs of partitions and the pair
of diagrams (α′, β′) assoiated to H ′ is:
+ α1 ⊂ β1˜̂
β2 ⊂ ˜̂α2 −
Aording to equation (12):
2ρ(u ∩ p) = (α1(i) + β1(i) + b− 2m︸ ︷︷ ︸
1≤i≤k
, s−m, . . . , s−m︸ ︷︷ ︸
ar0 times
, α2(i) + β2(i)− b︸ ︷︷ ︸
1≤i≤l
)
⊗ (a− α˜1(m+ 1− i)− β˜1(m+ 1− i)︸ ︷︷ ︸
1≤i≤m
, l − k, . . . , l − k︸ ︷︷ ︸
br0 times
, 2l − a− α˜2(s+ 1− i)− β˜1(s+ 1− i)︸ ︷︷ ︸
1≤i≤s
)
(29)
and:
2ρ(u′ ∩ p′) = (α1(i) + β1(i) + l −m︸ ︷︷ ︸
1≤i≤k
, l −m− α˜2(s+ 1− i)− β˜2(s+ 1− i)︸ ︷︷ ︸
1≤i≤s
)
⊗ (k + s− α˜1(m+ 1− i)− β˜1(m+ 1− i)︸ ︷︷ ︸
1≤i≤m
, α2(i) + β2(i)− a
′︸ ︷︷ ︸
1≤i≤l
).
(30)
Lemma 3.11.  We have:
• that the vetor λ′+2ρ(u′ ∩ p′) is of the form (25) with t = k, u = s, v = m and w = l,
• the equality λr0 +
mr0−α(χ2)
2 + θχ(λ
′ + 2ρ(u′ ∩ p′)) = λ+ 2ρ(u ∩ p) and
• that the vetor λ′ + 2ρ(u′ ∩ p′) is of minimal degree in Aq′(λ
′).
Proof.  We prove the rst point. Using that:
nr0 = a+ b− (l + s+ k +m) and
mr0 = −(k +m) + (l + s).
(31)
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it omes that:
λ′ + 2ρ(u′ ∩ p′)− (
α(χ1)
2
) = (λi − λr0 , . . . , λi − λr0︸ ︷︷ ︸
i<r0 ai times
, λi − λr0 , . . . , λi − λr0︸ ︷︷ ︸
i>r0 bi times
)
⊗ (λi − λr0 , . . . , λi − λr0︸ ︷︷ ︸
i<r0 bi times
, λi − λr0 , . . . , λi − λr0︸ ︷︷ ︸
i>r0 ai times
)
+
a− b
2
+
α1(i) + β1(i) + b− (s+m)︸ ︷︷ ︸
1≤i≤k
,−(a− (k + l))− α˜2(s+ 1− i)− β˜2(s + 1− i)︸ ︷︷ ︸
1≤i≤s


⊗
b− a
2
+
a− (k + l) + (k − α˜1(m+ 1− i)) + (k − β˜1(m+ 1− i))︸ ︷︷ ︸
1≤i≤m
, (α2(i) − s) + (β2(i)− s)− (b− (m+ s))︸ ︷︷ ︸
1≤i≤l

 .
(32)
So the rst point is proved.
Let us prove the seond point. Using equation (26), we see that:(
λr0 +
mr0 − α(χ2)
2
)
+ θ(λ′ + 2ρ(u′ ∩ p′)) = λ+ (
mr0
2
)
+
a′ − b′
2
+ ((α1(i) + β1(i) + b− (s+m)︸ ︷︷ ︸
1≤i≤k
, 0, . . . , 0︸ ︷︷ ︸
a−(k+l)
, α2(i) + β2(i)− b+m− s︸ ︷︷ ︸
1≤i≤l
)
⊗
b′ − a′
2
+ (a+ k − l − α˜1(m+ 1− i))− β˜1(m+ 1− i)︸ ︷︷ ︸
1≤i≤m
, 0, . . . , 0︸ ︷︷ ︸
b−(m+s)
,
−a+ k + l − α˜2(s+ 1− i)− β˜2(s+ 1− i)︸ ︷︷ ︸
1≤i≤s
)).
(33)
Using the following two omputations:
a′ − b′
2
+
mr0
2
= s−m and
b′ − a′
2
+
mr0
2
= l − k,
(34)
the seond point is found..
The last point is an easy onsequene of the desription of K ′-types of Aq′(λ
′) given by
equation (14) and of the desription of ∆(u′ ∩ p′) in terms of diagrams given by (11).
Corollary 3.12.  If (det •)λr0+
mr0−α(χ2)
2 ⊗ θχ(Aq′(λ
′)) is non zero then λ+2ρ(u∩ p) is
one of these K-types.
It remains to alulate the innitesimal harater of this (g,K)-module.
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3.5. Innitesimal harater.  Innitesimal haraters of theta lifts have been deter-
mined by Przebinda.
Theorem 3.13 ([17℄).  If π′ has innitesimal harater
α(χ1)
2
+ (t1, . . . , ta′+b′) ,
then θ(π′) has innitesimal harater:
α(χ2)
2
+
(
t1, . . . , ta′+b′ ,
nr0 − 2i+ 1
2
)
1 ≤ i ≤ nr0 .
The innitesimal harater of Aq′(λ
′) is:(
λ′i +
m′i
2
+
ni + 1− 2k
2
)
i 6= r0 1 ≤ k ≤ ni
(see lemma 2.10).
So by theorem 3.13 the innitesimal harater of (det •)λr0+
mr0−α(χ2)
2 ⊗ θ(Aq′(λ
′)) is
(using the denition of λ′):(
λi +
nr0 +m
′
i
2
+
ni − 2k + 1
2
i < r0 1 ≤ k ≤ ni
, λr0 +
mr0
2
+
nr0 − 2k + 1
2
1 ≤ k ≤ nr0
λi +
−nr0 +m
′
i
2
+
ni − 2k + 1
2
i > r0 1 ≤ k ≤ ni
)
.
(35)
But by the formula for the (m′i) (see equation (24)) this is equal to the innitesimal
harater of Aq(λ). Finally we have:
Corollary 3.14.  If (det •)λr0+
mr0−α(χ2)
2 ⊗θχ(Aq′(λ
′)) = Aq(λ) is non zero its innites-
imal harater is λ+ ρq.
4. Geometri appliations
4.1. Matsushima formula.  Let Xa,b be the symmetri spae assoiated to U(a, b),
this is the quotient
G/K = U(a, b)/(U(a) × U(b)).
Let Γ be a disrete oompat subgroup of G = U(a, b) ating freely on Xa,b. Let C(π) be
the onstant by whih the Casimir element ats on an iredutible unitary representation π
of G. Aording to Hodge theory and Kuga's lemma, we have that:
H∗(Γ\Xa,b) = ⊕n pi
C(pi)=0
m(π,Γ) homK(
∗∧
p, π)(36)
where m(π,Γ) is the multipliity of π in L2(Γ\G).
Denition 4.1.  An irreduible unitarisable (g,K)-module π suh that:
• C(π) = 0 and
• homK(
∧∗
p, π) 6= 0
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is alled ohomologial.
Clearly the representation Aq(0) is ohomologial for every q (beause it has the innites-
imal harater of the trivial representation and it ontains V (q)). Indeed by a theorem of
Vogan and Zukerman :
Theorem 4.2 ([18℄).  Every ohomologial representation is of the form Aq(0) and:
(37) homK(
i−R(q)∧
p, Aq(0)) = homK∩L(
i∧
p ∩ l, V (q)).
Remark 4.3.  By the uniity in theorem 2.6 and theorem 2.5, we have Aq(0) ≃ Aq′(0)
if and only if the theta stable algebra have the same assoiated pair of partitions.
By this theorem part of the struture of the ohomology of H∗(Γ\Xa,b) is ontained in
the numbers m(Aq,Γ). Remind that the following theorem was stated in the:
Theorem 4.4 ([14℄).  Let (q, L) be a theta stable algebra of U(a, b) suh that
L = U(x, y) × a ompat group,
and suppose that 2(x+y) > a+ b then there exists a disrete oompat subgroup of U(a, b)
suh that:
m(Aq,Γ) 6= 0.
We want to generalize this theorem to other paraboli theta stable algebras q. As
we explained in the introdution, the main tool of the proof is the use of global theta
orrespondane and the rst point of orollary 3.8. We reall some fats on global theta
orrespondane.
4.2. Global theta orrespondane.  Let F be a totally real numbereld and E a
totally omplex quadrati extension of F . Let ǫE/F be the harater of the idele of F
assoiated to the quadrati extension E/F . Let V1 (resp. V2) be a E-vetor spae with a
η (resp. −η) anisotropi hermitian form (, )1 (resp. (, )2). Let ni = dimVi. We also let
Gi = U(Vi). Let χ = (χ1, χ2) be a pair of haraters of the idele of E suh that:
χ1|A×
F
= ǫn2E/F and χ2|A×F
= ǫn1E/F
for i = 1, 2.
4.3. Denition.  The metapleti representation of G1(F ⊗ R) ×G2(F ⊗ R) an be
globalized to a representation Sχ of G1(A) ×G2(A). Let π1 = ⊗vπ1,v be an automorphi
representation of G1(F )\G1(A). The theta lift of π1 is the appliation:
Θ : π∨1 ⊗ Sχ → A(G2(F )\G2(A))
whih assoiates to f ⊗ ϕ the automorphi funtion:
(38) θψ,χ(f, ϕ)(h) =
∫
G1(F )\G1(A)
f(g)Θχ(g, h, ϕ)dg
where Θχ(g, h, ϕ) is the theta kernel. Sine we have assumed that both V1 and V2 are
anisotropi, there is no issue of onvergene (the quotients Gi(F )\Gi(A) are ompat).
Let Θχ(π1, V2) be the image of the appliation theta. Aording to S.S. Kudla and S.
Rallis:
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Theorem 4.5 ([13℄ prop 7.1.2).  If Θχ(π1, V2) 6= 0 then it is a nite sum of irre-
duible automorphi representations. Furthermore if π2 = ⊗vπ2,v is an irreduible ompo-
nant of θχ(π1, V2) then for all arhimedean plaes we have that:
π2,v = θχ(π1,v).
Using the theory of L-funtions and the Rallis inner produt formula, one an prove the
following result:
Theorem 4.6.  Let π1 = ⊗vπ1,v be an automorphi representation on G1 and suppose
• on the one hand that dimV2 ≥ 2 dimV1 + 1
• and on the other hand that for every arhimedean plaes v
θχ(π1,v, V2,v) 6= 0
then
Θχ(π1, V2) 6= 0.
Denition 4.7.  Let a, b ∈ Z≥0. A paraboli theta stable algebra of U(a, b) is said to
be onvergent if there exists
• two sequenes in Z≥0, a0, . . . , an and b0, . . . , bn suh that
an = a and bn = b(39)
ai+1 + bi+1 > 2(ai + bi) if 0 ≤ i ≤ n− 1,(40)
ai−1 + bi−1 ≤ min(ai, bi) if 2 ≤ i ≤ n− 1.(41)
• for all 1 ≤ i ≤ n a standard paraboli theta stable algebra qi of U(ai, bi) suh that
• the Levi L0 of q0 is ompat,
• qn = q and
• for all 0 ≤ i ≤ n− 1, θ(qi−1) = qi (see denition 3.6).
Theorem 4.8.  Let q be a onvergent theta stable algebra of U(a, b) then there exists a
disrete oompat subgroup of U(a, b) suh that:
m(Aq,Γ) 6= 0.
Proof.  We an use the notation of denition 4.7 sine q is assumed to be onvergent.
There exists a parameter λi ∈ C
ai × Cbi verifying (13) and suh that
θ(Aqi−1(λi−1)) = Aqi .
Sine L0 is ompat, Aq0 is a disrete series. Using the main theorem of De George and
Wallah artile [8℄, we an hoose Γ0 suh that m(Aq0 ,Γ0) 6= 0. Then using reursively
global theta orrespondane (i.e theorem 4.6), we nd a sequene of disrete subgroups
(Γi)1≤i≤n suh that:
m(Aqi(λi),Γi) 6= 0.
The ase i = n proves the theorem.
One an of ourse obtain more preise statements (about the possible hoie of Γ for
example). Furthermore using the method of [6℄, one an even obtain some results on the
growth of the multipliity of m(Aq(0),Γ) in the tower of arithmeti ongruene groups, see
[7℄ for more details.
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